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Optimal Resolution of Superimposed
Action Potentials

Kevin C. McGill

Abstract—This paper presents a practical algorithm for In theory, the solution can be found by searching all possible
resolving superimposed action potentials encountered during the alignments of all possible combinations of templates [10], [16].

decomposition of electromyographic signals. The problemis posed pyovever, this approach is too computationally expensive for
as an optimization problem: to align a set of templates with a practical ,use

given waveform to minimize the euclidean distance between them. . .
The algorithm uses a recursive approach to search all possible Most proposed methods for resolving superpositions use
discrete-time alignments, starting with the most likely ones and heuristic approaches to reduce the search space in order to
stopping once it can be verified that the optimal alignment has jdentify the optimal alignment quickly. One simple strategy is
been found. Each candidate solution is aligned to finer-than-sam- geqyential recognition, in which the single most-likely template
pling-interval resolution using interpolation and continuous-time is identified first and then subtracted. or “peeled off.” from the
optimization. Both the cases in which the identities of the involved - ' p '

templates are known and not known are considered. Simulations SUperposition waveform to reveal the next template and so on
are presented to show that the proposed algorithm is very accurate [2], [4], [5], [12]. Other methods consider more than one pos-
even for complex superpositions involving three or more similarly  siple template alignment [3], [6], [11] or use neural networks
shaped templates, destructive interference, and added noise. [1]. However, these heuristic methods are not guaranteed to

Index Terms—Alignment, decomposition, electromyography, su- find the optimal solution and they may not perform well in

perposition, template matching. cases involving destructive interference.
A given alignment can also be optimized using contin-
I. INTRODUCTION uous-time optimization methods [3], [14]. Such methods

) . involve interpolation and so have the added advantage of elimi-
T HE electromyographic (EMG) signal recorded from a cofy5ing the time-quantization errors encountered in discrete-time

tracting muscle is made up of trains of discrete discharggssinods. However, since the cost function usually has many

known as motor-unit action potentials (MUAPS). Each MUAR, 4| minima, a global search strategy is still necessary in order
is generated by a distinct group of muscle fibers, referred {9 onqure finding the global minimum

collectively as a motor unit. MUAPs from different motor units ;g paper presents a practical algorithm for finding the
tend to have distinct shapes which remain fairly constant frogi,pa) solution to the resolution problem. The algorithm uses
discharge to discharge. The MUAPs can, therefore, be ide Icomposite discrete-time and continuous-time approach. A

fied and tracked using pattern recognition techniques, a pProcgi§ rete_time method is used to search the entire space of all

known as decomposition. The resulting information can be usgfssiple discrete-time alignments. Each candidate alignment

to diagnose neuromuscular disorders, assess muscle functigny,e, optimized to finer-than-sampling-interval resolution

and investigate motorneuron physiology. _ using interpolation. The algorithm is organized efficiently to
One widely used method for identifying MUAP discharges igy the most likely alignments first and to stop once it can be

template matching [7], [9], [11]-{13], [17]. In this method, teMye(armined that the globally optimal solution has been found.
plates are formed for each frequently recurring discharge and

then new discharges are classified according to the templates

they match most closely. A difficulty arises, however, when two

or more discharges overlap in time to produce a superpositidn Notation

that does not match any of the templates. Resolving superposiThe following notation will be used. Sets will be designated

tions, that is, determining the identities of the involved MUAPBy upper-case letters. Finite sets will be represented using curly

and their precise times of occurrence, has been a major stwfackets and their elements will be indexed starting at zero or

bling block in EMG decomposition. one as indicated in the tex® will denote the set of real numbers
The resolution problem can be stated as an optimizatigid R will denote the real intervdd, N). Z will denote the

problem—namely, that of determining the templates and occuet of integerd0,1,..., N — 1}.

rence times that give the best fit to the superposition waveform.Sampled waveforms will be written in vector notation and

designated by bold-face, lower-case letters. The elements of a
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The inner product of two vectors will be denotéd, y) termining7¢ as the “continuous-time, known-identities” (CK)

>, @iy and the norm of a vector will be denotélet||? problem.

(x,x) = >, 3. We will also be interested in finding the optimal discrete-time
The interpolation operator will be denoted by a subscspt: alignment, that is, the estimalé, € Z% such that

wheret € Ry is a point in time measured in sampling in-

tervals. The interpolation operator returns the value at time

of the continuous waveform that interpolates the sample values . s . . -

Zo,...,zy_1. It can be implemented using the discrete fouriefve will refer to this as the “discrete-time, known-identities

transform (DFT), as described in the Appendix. Note thais  (CK) problem.

a contlnu_ous scalar fun_ctlon o.f_For an integer argument, thec_ The Unknown-ldentities Problem

interpolation operator simply picks one element of the vector:

e(Ip) = min (T). (6)

N

Xp = Tp. Let us also consider the case in which the identities of the
The circular time-shift operator will be denoted by 4emplates involved in the superposition are not known. In this
superscript case, the given waveform is the superposition of zero or more
. : templates from a set af known templates
X = [X—u X1ty 7XN—1—t] (2)

wheret € I and the indexes are understood to be taken mod X = Z wis; +n (7
Note thatx! is a vector. For an integer argument, the time- i=1

shift operator simply reorders the elements of the veetbr= wherew? € Z, = {0, 1} indicates whether thih template is
RN 5 involved or not. The problem in this case is to estimate ¥oth

andW = {wy,...,w,} € Z¥ to minimize the alignment error
n 2
s

plates involved in the superposition are knoavpriori. This is x= Z Wis;
an important problem in practice because MUAPs discharge at =
fairly regular intervals and the identities of the templates can Ve will be interested both in the “continuous-time, unknown-
often be inferred from the identities of the other nearby diédentities” (CU) problem and the “discrete-time, unknown-iden-
charges [4], [10], [12]. This case will also provide a framewaorfities” (DU) problem.
for the case in which the identities are not known.

Letx € RN be a given superposition af known templates
plus noise The discrete-time problem is essentially a combinatorial one:

n to find the best alignment out of a large, but finite, set of pos-
x = Z Sz? +n ©) sibilities. The challenge is 'to organize the search _in an efficient
manner so that the best alignment can be recognized quickly.

] One drawback of working in discrete time is time-quantiza-
wheres; € RV is theith template;; € Ry is its time of oc-  tjon error [14], [18]. Since the templates can only be aligned to
currence in units of sampling intervals ande R is the noise. the nearest sampling interval, considerable alignment error can
Both the superposition waveform and the templates are assumgdain even at the optimal discrete-time alignment. Moreover,
to have been sampled above their Nyquist rate, but not necgssome situations the optimal discrete-time solution may not be
sarily to have been oversampled. They are also assumed tq:pRe to the optimal continuous-time solution.
suitably zero padded to avoid wrap-around difficulties aSSOCi'Time-quantization errors can be reduced in two ways: by
ated with circular time shifts. Note that the times of occurreng®ersampling and by interpolation. Oversampling has the draw-
are not restricted to be integers. GiveandS = {s1,...,s.}, pack that it greatly increases the discrete search space. Interpo-
the problem is to estimate the occurrence times. lation, on the other hand, can be performed efficiently using the

The estimate we will consider is the one that minimizes th§rT [14] and this is the approach we will consider.
squared euclidean distance, or “alignment error,” between sing interpolation, the alignment erref7’) can be ex-
and the reconstructed waveform. Specifically, we will attempfressed as a continous function of the continous occurrence

B. The Known-ldentities Problem

Let us consider first the case in which the identities of the tem-

e(T,W) = (8)

D. The Discrete- and Continuous-Time Approaches

i=1

to find the set of occurrence timés: € R}, such that timest1, .. .,t,. Multidimensional continuous-time optimiza-
e(Te) = min o(T) (4 t?on techniques can 'then be used to minimiz.e.this functioq to

TCRY, finer-than-sampling-interval resolution. The difficulty with this
whereT = {t,,....t.} is any set of occurrence times andPproach is that it can only be used to find a local minimum

in the vicinity of a given starting point. Finding the global
minimum still requires some sort of global search.
- The complementary advantages of the discrete- and con-
x- Zsiz ®)  tinuous-time approaches suggest the composite approach
=1 presented in this paper. A global discrete-time search will be
is the alignment error. Note that the estimaigs are not re- used to locate the neighborhood of the optimal solution and
stricted to integer values. We will refer to the problem of danterpolation will then be used to locate it more precisely.

where
2

e(T)
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[ll. THE DISCRETETIME, KNOWN-IDENTITIES PROBLEM Note that we here explicitly indicate the dependenceaf the
signal seft”. The DK problem can be converted to this general

This section presents an algorithm for finding the best dif2m by letting
crete-time alignment when the template identities are known. X, =0
This algorithm will also provide the basic framework for the Yi= { (10)
unknown-identities and continuous-time algorithms.

Our strategy will be to try the most likely alignments firs
and to stop once it can be determined that the globally opti
solution has been found. This involves the following three malf,

steps.

—s;, t=1,...,n "~

Although dy equals zero in the DK problem, it will be conve-
ﬁwi nt to allow the algorithm to manipulaty in the same way
the other occurrence times. The solution to the DK problem
n then be obtained from the solution of the general problem
as follows:

1) Choose a likely trial alignment of one or two templates.

2) Find the optimal alignment of all the other templates ti=di—do, i=1,....n. (11)

3) %‘é?:rmlrsl;rﬂ]:rﬁ;m::;' other alignment could do anNote that the general problem does not have a unique solution,
better ancee({do, o dohY)=e({do+a,...,d,+a};Y)forany
' a € Zn.However, all of these solutions map to a single solution
As we will see, this strategy provides an efficient way to orgaf the DK problem.
nize the algorithm, since the optimization problem in Step 2) A key fact that will be used in the algorithm is that the align-

can be solved by recursion. ment error can be expressed in terms of cross-correlation values
The best strategy for choosing a trial alignment in Step 1) n

depends on the nature of the superposition. In cases involving e(D;Y) = Z Cij d;—d; (12)

constructive interference, a good trial alignment can be found by 1,j=0

choosmg atemplate thathas a h|gh cross gorrela}tlon with thg Wﬁerecijk is the cross correlation betwegnandy; at lagk
perposition waveform. However, in cases involving destructive

interference, the superposition waveform may have less energy Ciske = (Vi y?) (13)

than the t lat t Il lat ith f . .
an the templates and may not be well correlated with any ac\)nd where the final index afis understood to be taken mgod

them. In this case it would be better to look for trial offsets beEquation (12) can be derived by expanding (9) and noting that

tween pairs of templates to cancel some of their energy. P
L , x,y) = (x',y") foranyt € R. The array of cross-correla-
Both of these situations can be handled in an elegant way <¥n valuesC = {ciniisj € Zn k € Zx'} only needs to be
- (XL RS ny V

posing the problem in a slightly more general form. Specmca”%’omputed on

the problem can be restated as that of finding the ahgnmentégne efficiently using the fast fourier transform as described in

n + 1 waveforms (the superposition waveform and the NeYRe Appendix. Once these values have been computed, they pro-

:Ir:/es I(')f the tetmplatesh) Wf:ﬁsel sumt(the eneriyt c_)f IWT,'Ch eq“@lae a convenient way for computing the alignment error. They
e alignment erroe) has the lowest energy. A trial a Ignmen'i/vill also be useful for choosing trial alignments and estimating

can be found by choosing a pair waveforms and an offset fie error bound. Note that.. qives the enerav of siana
tween them that reduces the energy of the sum. This procedure une. alio giv 9y lgn:

will automatically choose good trial alignments whether the s Choosing the Trial Alignment
perposition involves constructive or destructive interference. The first step in the alaorithm strateav is to choose a trial
Determining whether the globally optimal solution has bee P 9 ay

found in Step 3) can be accomplished by computing a lowd gnme”tﬂff tt\{v? of th? S|gr:1als. Spech‘lcaIIya this ;volves
bound on the alignment error over all the alignments that haFa°Sing the trip ep,q,7}, wherep € Z,y andg € Znyy
e the indexes of the two waveforms and 7 is the offset

not yet been tried. If no other alignment could do better than t étw N them
best one found so far, then it must be optimal and the algorit | §r6der t?) évoid trying alignments more than once, we will
can stop. Otherwise, it is necessary to go back to Step 1) and tr . . C

P ytog 1) keep track of which alignments have already been tried in the

again. three-dimensional binary arrdye Zy x Zy ™ x Z} . Its en-
tries will initially be set to one and when an alignmépt ¢, 7}
A. The General Form is tried, element,,, will be set to zero.
To see which alignments are good candidates for reducing
The general form of the alignment problem can bthe alignment error, let us rewrite (12) as the sum of the signal
stated as follows: Given a set of + 1 known signals energies plus the interaction terms
Y = {yo,---,¥yn} € RM*+V find the set ofn + 1

occurrence time® = {do, ..., d,} € Z* which minimizes o(D;Y) = Z Cii 0+ Z Cij dj—di- (14)
the alignment error ! 7
The sum of the signal energies is a fixed positive value that can
2 only be reduced by including interaction terms with large neg-

) ative values. One way to do this is to pipkto be the signal

e(D)Y) =
( ) with the largest energy angto be the signal that can cancel the

n
d;
E y;
1=0
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greatest amount of that energy. This can be formalized in thén the constrained problem. The marker aréayor the new

following function. set of signals can, therefore, be computed as follows:
, : Lirg ifa» i #pla, J#ple
Fll'lnCtlon {p7 q, T} = pZCk—dk (Cv L) ~ ]-pp . ]-qqa 1= p|_q’ J = p|_q
find p such that  cup0 = max; ciio; i = 010 i=pla, i #plg (19)
find ¢ # p and r such that li[qp'lf[gq, i #ple, j=pla

Cpgr = MLk Cpjk/Ipjn-
for i,j=0,...,n—1, Wherelij = [lij07 ceey liijl]T and-
The division byi,.;, is a shorthand notation for indicating thadenotes element-by-element multiplication.

the minimization is restricted to alignments that have not alrea

been tried. We will assume that expressions such,as/'l,;«

evaluate tot-oo if [,;, = 0, so that these terms are effectively The third step in the strategy involves calculating the lower

excluded from the minimization. Here, this prevents retryingound of the alignment error over all the alignments that have

alignments that have already been tried. not yet been tried. Let us denote the lowest error among all the
untried alignments asr,, where

d
DY The Lower Bound on the Alignment Error

C. Solving the Constrained Problem Ciid

— : Lyd; —aq

The second step in the strategy is to determine the optimal ér = uu, T —. (20)
DEZN i ijd; —d;

alignment of all the other signals given the constraint that

d, = r. Thisis equivalent to aligning the composite signah- The quotient/! is again here assumed to evaluatesto if

¥y and then other signals. Thus, the contstrained problem has_ 0 so that the minimization is effectively limited to those

one lower dimension than the original problem and itcan’thergémbinations ofl d,, for whichl,: 4 4 = 1
05+ ln ijd;—d; = 1.

forf’ tbe sol¥edtb>;rr]ecur3|ve a:p;;llc_atmln cgthe general aIgonthm.TO be effective, a lower bound e, should be tight, but also
etusreterto the new set of signals as quick to compute. One simple lower bound follows from (14):

N Yifq i#plg . . Cijh
i = oo 1 =0,...,n—1. 15 E y E R —
y {yp +yrod = pla ¢ n (15) er, = ‘ Ciio + 4#'1%n Tion by (22)
T 1F]

In this set, the composite signal repla;q,s_ Yq is eliminated ._Two additional bounds are presented in the Appendix. One is
and the signals are renumbered consecutively. The renumberlntg . . ) .

is accomplished by théand | operators, which are defined a8 ue bound like,, which guarantees that the algorithm will
follows: a[b = a if @ < b anda + 1 otherwise andi[b = a if continue iterating until reaching the globally optimal solution.

X The other is an approximate bound. It is often tighter than the
a < banda — 1 otherwise. = = true bounds and so can speed convergence, but it sometimes
The new problem is to find> = {do, .. .,d,,,_l} to mini- P 9 '

L overestimates;, and so does not always guarantee finding the
mizee(D;Y'). The solution of the constrained problem is theglobal solution.

given by The final lower bound is given by the following function.
a4, = { %ila LF4 o n (16) Function b= lhound_dk (C,L);
dplg +7 =g compute by, by and b from (21) , (41)
and (45) ;
The cross-correlation values for the new signals will be for the true bound: let b = max(by, bo);

needed for the recursion. Only those values that invelyer for the approximate bound: let
yq are changed and these can be calculated using the formula  , — 1pax(b,, by, bs).

T k
BN e e 17 .
(Yo +¥5:¥) = Coin + Cains (17) E. The DK Algorithm

The entire array of cross-correlation valuégor the new sig- ~ The complete algorithm for solving the DK problem can now

nalsy is, thus, given by be stated as follows.
Cilq;ilq: . . i #pla.g #pla Function {7, e} = align_dk(x,S):
6. ) G TG Oy, 1= JUVESSJU (1g) ~ determine n and N from the dimensions
K Cpile T 45 [ i=ple,j #pla of S
Cifgp T Cifgq i#ple,j=rla compute Y from x and S using (10) ;
compute C from Y using (35) ;
for 4,7=0,...,n— 1,Wherecij = [CijOw--;CijN—l]T- let luk = 1 for t,j € Zn+1, ke Zn;

Note also that if a particular trial alignment has already beencompute {D, e} = solve_dk(C, L, n, c0);
tried in the original problem, then there is no point considering compute 7° from D using (11) .
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Function {D,e} = solve_dk(C, L,n,¢'): A. Choosing the Trial Alignment or Removal
if n>0:

let D={}, e=¢;

while  lbound_dk (C,L) < e

Let us keep track of the removals that have already been tried
in thel,,0 elements of the marker arrdy These elements will
) initially be set to one and when removal of sigpas tried,/,o
let  {p.q,7} = pick_dk _(C’ L); will be set to zero. Elemerioo will initially be set to zero to
compute C and L using (18) and (19) ; prevent removal of the original superposition waveform.
compute  {D, ¢} = solvedh(C, L,n —1,¢); One strategy for deciding whether to try an alignment or a

if ¢<e _ removal will be to check whether a removal would reduce the
compute D from D using (16) ; lower bound on the alignment error. This leads to the following
let e=¢ function.
let  lpgr = lpg—rr = 0;
else if n = 0:
let D ={0}, e= coopo- Function  {p,q,r} = pick_du(C, L):
determine  n from the dimensions of C,

let b= lbound_dk(C,L);
The functionalign_dk translates between the original vari- for ¢ =0 to =:
ables and those needed for the general functidir-_dk. It also let b, = lbound_dk(Cy, Ly)/lyq0;
computes the cross-correlation values and initializes the markeif  min; b; < b ( trial removal ):

array L. find ¢ such that b = min,; b;;
The functionsolve_dk solves the general problem. Ittriesdif- let p=4¢, » =0;
ferent combinations ofp, ¢, 7}, choosing them using the func- else ( trial alignment ):

tion pick_dk and solving the constrained optimization problem let {p,q,r} = pick_dk(C,L).
by calling itself recursively. The arral keeps track of which
alignments are triect is initially set to¢’, which contains the
smallest alignment error encountered so far by the calling pro-
gram. Thereafter it keeps track of the smallest error encounte
during the current callD keeps track of the corresponding oc-
currence times.

The algorithm continues trying differenfp,q,7} com-
binations until the lower bound calculated by the functio
lbound_dk becomes greater than At this point,D ande will
either contain the optimal solution of the general problem, o, . .
if there is no solutioel with an alignment egrror IesspthaénD é Solving the Constrained Problem
will contain a null value and will still contain ¢’. These values  Like trial alignments, trial removals also reduce the dimen-
are returned to the calling program. sionality of the problem by one, so that recursion can be em-

At the deepest recursion level; corresponds to a single ployed in both cases. Let us again refer to the reduced set of
signal which equals the sum of the original signals at their triglgnals asy” € RV*". The constrained problem is to find
alignments. The alignment erreiis given by the signal energy andW to minimizee(D, W;Y).
€000- In the case of a trial alignment, the signaisare the same

as those in the DK problem (15) and so are the formulas for the
cross-correlation value:§(18) and markerg (19). The formula

IV. THE DISCRETETIME, UNKNOWN-IDENTITIES PROBLEM for determiningD from D is also the same (16) and a similar

formula applies foiV’

The DU problem can be solved using the same recursive
approach as the DK problem. In this case though, it will be w — {ﬁqu iF£q —0 " (23)
necessary to consider trial template removals as well as trial o Wy =4 o
alignments.

The DU problem can be restated in the more general form adn the case of a trial removal, the new signals are obtained by
follows: Given the set of known signal§ € RY>*(»+1 find removing signal
the set of occurrence timd3 € Z5 ! and the set of indicators
W € Z3*! to minimize Yi=VYife» 1=0,...,n—1. (24)

Here,C, and L, are formed fromC' and L by removing the

ries corresponding to thh signal. This function chooses a
trial removal of template (signaled by returning the same value

in p andyq) if that removal has not been tried already and it would
reduce the lower bound on the alignment error. Otherwise, it
ﬁhooses a trial alignment using the same strategy as in the DK
oblem.

The formulas for updatin@ andW are given by
e(D,W:Y)

Z wiy

(22)

di:{dim 4 y_o,...n (25)
0 1=gq
where the relationships betwegnx, s, d andt are as in (10) wi — { Wilg 1Fq

and (11) andvy = 1. 0 i=q t=0,...,n. (26)
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The formulas forC' and L are alignments chosen byick_dw until the lower bound becomes
greater than the lowest found alignment error. The appro-

€ij =Cifgjrq &J=0,...,mn—1 (27)  priate formula forC, L, D, and W must be used depending
L‘j =Lirgifg 5 =0,...,n—1, (28) on whether a removal or an alignment is being tried. Trial

removals are indicated b, ¢, 7} sets in whichp = g.

C. The Lower Bound on the Alignment Error V. THE CONTINUOUS-TIME, KNOWN-IDENTITIES PROBLEM

For the DU problem, the lower bound must apply over all the This section considers the continuous-time problem. We will
yet untried removals as well as all the yet untried alignmentencentrate on the known-identities (CK) case. The extension
One way to do this is to compute the functidound_dk forall  to the unknown-identities (CU) case is straightforward.
the possible combinations of the sign&lsexcluding removals  Our approach will be to use the main structure of the DK al-
of those for which removal has already been tried. This givg®rithm to search the space of all possible discrete-time align-

the following function. ments. When a likely candidate alignment is found, a contin-
uous-time optimization procedure will be used to “fine-tune”
Function b = lbound_du(C, L): the alignment to finer-than-sampling-interval resolution.
determine  n from the dimensions of C; This approach assumes that the optimal continuous-time
let I ={i; such that ;o =1}; alignment will be reachable from at least one discrete-time
let © be the set of all subsets of I alignment—that is, that there will be at least one discrete-time
for ¢=1 to the number of elements in O: alignment from which the optimization procedure will converge
let  b; = lbound_dk(Ch,, Lg.); to the optimal continuous-time alignment. This will usually be
let b = min; b;. the case, due to the limited degree to which signals sampled at

their Nyquist rate can vary between sampling points. Computer

Here,Cy and Ly are obtained frond” and L by only keeping zlrrglﬁféing Elég\?;?rtgfet isr:t;?;gpcsem which this is not the case

those entries that correspond to the signals whose indexes are

Zn} . . . .
The alignment error can be written as a continuous function
D. The DU Algorithm of the occurrence times using the interpolated cross-correlation

. . . vectors as follows:
The complete algorithm for solving the DU problem is

e(D) = Z Cijd;—d; (29)
Function {7, W, e} = align_du (x,5): 4,j=0

compute n, N, Y, C and L as in «align_dk;
let logo = 0;

compute {D, W, e} = solve_du(C, L,n, 0);
compute 7 from D using (11) .

where nowD € R%™. This is a well-behaved function which
can be minimized using a modified Newton’s method [3], [8],
[14]. This method can be stated as follows.

Function  {e, D} = optimize (D', C):

Function {D,W, e} = solve_du(C, L,n,¢c'): let d=[d —d),....d - 6]Ti
if n>0: do: /
let D={} e=¢ compute a as in (49) ;
while  lbound_du (C,L) < e: et d=d+a:
let {p,q,7} = pick_du (C,L), untl  |ja|| < 0.05/n;
compute C and L using (18)—(19) or let D ={0,di,...,dn};
(27)—(28) o compute ¢ from D and C using (29) .
let {D,W,é} = solve_du (C,L,n—1,¢);
if ¢é<e

. ) Here,D’ € RY; is the starting point for the optimization. The
compute D from D using (16) or (25 :  gepa € R” is computed from the gradient and Hessiar,afs
compute W from W wusing (23) or (26) ; described in the Appendix.
let  ¢=¢ This function will be used at the deepest recursion level of

let ) lpgr = lpg-—r = 0; the CK algorithm to optimize promising trial alignments. At
else if —n=0 that level, trial alignments have been chosen/fasf the n +
let D=0 W=1c= coo. 1 original signals. The occurrence times of the signals are not
directly available and must be calculated from {lpeq, »} sets
This is very similar to the DK algorithm. The functionat the higher recursion levels. Let us denote the values atievel
solve_du translates the original variables and initializes thby {py, gx, 7%}, wherek = 1 indicates the initial level. Then the
cross-correlation and marker arrays. The functiefve_du.  occurrence times of the original+ 1 signals can be computed
solves the general problem recursively. It tries removals as follows.
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Function D = recover (n, P,Q, R):
let Dn+1 =0,
for k=n,n-1,...,1
compute D from Dy, as in (16)

using pr, qr and rg;
let D = D.

B. The Lower Bound on the Alignment Error WA./\W
In the CK problem, the lower bound used to verify the opti-

mality of a trial solution must apply to the continuous alignment
error (29). Let us denote the lowest error in the vicinity of the
untried alignments asy.c, where

c’L] d;+6;—d; —6;

erc = min (30) Fig.1. (top) Fou_r_of the MUAP spikes used in the_simulations. (bottom) Four
pez T lij d;—d; sample superpositions of these templates, showing a range from destructive
Ae[—1/2,1/2]n+1 (left) to constructive (right) interference.

In general, we can say that . ) S .
The functionalign_ck translates and initializes the variables

erc > er — be (31) for the general problem. It also computes the lower-bound cor-
rection termbe and saves it as a global variable. It also saves the
wheree;, is the discrete-time lower bound (20) abd is the original values of: andC' (which are calledi andC). It calls
largest amount by which the alignment error can vary within selve_ck to solve the general problem. Upon return, it retrieves
+1/2 sampling-interval neighborhood. A method for estimatindpe optimal continuous-valued occurrence times from the global
be is presented in the Appendix. This leads to the followingariable D*.
function. The functionsolve_ck is similar to solve_dk, except thak
keeps track of the smallest continuous-time alignment error and
the optimality check uses the continuous-time lower-bounding
function lbound_ck. At the deepest recursion level, the algo-
rithm recovers the discrete occurrence times of the original tem-
plates from the p, ¢, 7} values at the higher recursion levels and
uses them as the starting-point for a continuous-time optimiza-
This function assumes that the correction fadterhas al- tion. The best continuous-valued occurrence times found so far
ready been calculated and is available as a global variable. are stored in the global variahle*. The discrete-valued occur-
rence times are saved 0 for use in the discrete-time search.
C. The CK Algorithm The algorithm for the CU problem can be obtained by modi-
fying the DU algorithm in a similar way.

Function b = lbound_ck (C, L):
global  b¢;
let b= lbound_dk (C,L) — be.

The CK algorithm can be stated as follows.

VI. SIMULATIONS
Function {T,e} = align_ck (x,5):
global @, C, D*, b,
compute #, N, Y, C and L as in align_dk;
compute bc as in (48) ;
compute {D,e} = solve_ck (C,L,7n,c0);
compute 7 from D* using (11) .

Simulations were performed to illustrate certain aspects of the
algorithms. Four experimentally recorded MUAP spikes with
similar amplitudes and shapes were used as templates (Fig. 1).
The spikes were averaged from an EMG signal recorded using
a monopolar needle electrode during a moderate voluntary con-
traction of brachial biceps. The EMG signal was high-pass fil-
tered at 1 kHz and sampled at 10 kHz. The templates were

Function {D,e¢} = solve_ck (C,L,n,¢): 6.4-ms long (Vv = 64), aligned by their downward-pointing
global @, C, D, P, Q, R; peaks.
if n>0: Superpositions were simulated using (3) or (7) for different
try trial alignments as in solve_dk, numbers of templates:]. The template occurrence times
using lbound_ck and solve_ck and were chosen randomly from the interval10, 10] sampling in-
saving p, ¢, 7 iN Pa_n+l, Ga—n+lr Th—n+l; tervals, so that the template peaks occurred witt2rms of one
else if n = 0: another. The noise proceasvas white Gaussian noise with a
let D={} e=¢; standard deviation equal to 0.05 times the mean peak-to-peak
let D = recover (n, P,Q,R); template amplitude. Because of the similarity of the templates
compute {D,e} = optimize (D,C); and the proximity of the occurrence times, the resulting super-
if e<e: positions are typical of difficult superpositions encountered in

let D=1{0}, D*=D, e==¢c. practice. Some examples are shown in Fig. 1.
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TABLE | TABLE I
SIMULATION RESULTS FOR THEKNOWN-IDENTITIES PROBLEM. IDENTIFICATION SIMULATION RESULTS FOR THEUNKNOWN-IDENTITIES PROBLEM.
RATES (id, %), NUMBERS OF CALLS TO solve (cs) AND NUMBERS OF IDENTIFICATION RATES (id, %), NUMBERS OF CALLS TO
CALLS TO optimize (co) solve (cs) AND NUMBERS OF CALLS TO optimize (co).

ToTAL NUMBER OF TEMPLATES (1) = 4

Number of templates (n)
0 5 A Number of involved templates (nz)
1 2 3
alg. ud cs €Co id cs Cco 1d Ccs Cco ) i
alg. | id c¢cs co| td es colid es co
dkti | 91 3.0 47 4 20 5
dua | 98 348 98 387 81 294
dkt4 | 98 6.1 91 21 72 74
dut | 98 676 97 695 84 564
dka 99 4.7 96 27 88 160
cua | 100 485 39100 462 1599 328 8.0
dkt 99 8.0 96 51 93 395
cut | 100 878 44| 100 792 16 (99 611 84
cka | 100 4.8 1.2 100 26 24 99 165 5.1
3 1 27| 100 417 5.9 _ _
ckt 100 8.3 1.3 100 53 ’ bound used byikt tended to be conservative and essentially
ezh | 100 4e3 100 3e5 100 2e7 equal identification performance was achieved with fewer com-

putations using the approximate boui@d).
The continuous-time algorithmsi{t andcka) almost always
Algorithm performance was measured in terms of identjound the correct alignment (to withik0.1 samling intervals),
fication rate and computation time. For the known-identitiegith computation counts similar to their discrete-time coun-
problem, a correct identification was counted if all the estterparts. Note that only a relatively small number of contin-
mated occurrence times were within one sampling interval gbus-time optimizations actually needed to be performed. The
the correct times, i.e., if correct solution can also always be found by exhaustive search
(ezh), but this is computationally prohibitive.
max |t; — 7] < 1. (32)
! B. Simulations With Unknown Identities
For the unknown-identities problem, correct identification fur- The second set of simulations involved the unknown-identi-
ther required that; = w; for all <. Computation time was mea-ties problem. One hundred superpositions were simulated using
sured by counting the number of recursive callsatveand the (7) for different numbers of involved templateg = >~ w; out

number of calls tmptimize of a total ofn = 4 templates. Thelign_du andalign_cu al-
gorithms were tested using the approximakted, cua) and true
A. Simulations With Known Identities (dut, cut) lower bounds. The results are shown in Table II.

The first set of simulations involved the known-identities All the algor_lthms_ _requ_lred more computations than in the
= 4 known-identities simulation, regardless of the number

problem. One hundred superpositions were simulated using gi?)t lates involved in th i i I bi
for values ofn from two to four. Thealign_dk andalign_ck emplates invoived in the superposition, since ail combina-

algorithms were tested using the approximatea( cka) and tions of templates needed to be considered. In fact, the number
true (dkt, ckt) lower bounds. Modified versions afolve_dk of computation.s i.ncreased as the numper ofinvolyed templates
were also tested in which the number of iterations (i.e., t creased. This is because superpositions involving only a few

number of{p, ¢} sets evaluated per call) was limited to Onéem_p_lates_ were difficult to distinguish from d_estructiv_e super-
or four (dkt1, dkt4). The results are shown in Table I. The finaP0S!toNs involving more templates. The continuous-time algo-
row (exh) shows the number of trial alignments that would bgthm had almost perfect identification rates, even using the ap-
needed for an exhaustive searéfi(). proximate lower bound.

The dkt1 algorithm is representative of the peeling-off ap-
proach: it considers only one single trial alignment chosen by
the maximum cross-correlation criterion. Although very fast, it This paper presents a practical algorithm for resolving su-
was notreliable for superpositions involving more than two tenperimposed waveforms. The algorithm determines the optimal
plates. Identification performance was improved when four trialignment in the sense that it gives the best fit between the
alignments per recursion level were consider#et{), but this sum of the templates and the superposition waveform. It, there-
number was not always sufficient to find the optimal alignmentfore, provides greater accuracy than many previously proposed

The dkt algorithm continued trying alignments until the opmethods which do not guarantee the optimal solution.
timality of the solution had been verified. It found the correct The algorithm searches the space of all possible alignments
alignment (to withind=0.5 sampling interval) most of the time,using an efficient, recursive approach which finds and verifies
but not always, due to time quantization error. The true lowéhe optimal solution quickly, even in cases involving destructive

VII. DISCUSSION
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interference. Time-quantization errors are avoided by using in-The derivatives ok; needed for computing the gradient and
terpolation to fine tune the optimal alignment to finer-than-santessian of the alignment error in the CK problem can be com-
pling-interval accuracy. puted as follows:

Separate versions of the algorithm are presented for the cases
in which the identities of the templates involved in the superpo- d'x; 1 Z
sition are known and not knowa priori. The unknown-iden- dtt N b N2t
tities problem requires greater computational effort due to the
need to consider all possible template combinations. Moreover,
the computation count grows exponentially with the number & Calculation of Cross-Correlation Values
templates that need to be considered. For this reason, the use @he cross-correlation values; = [c;;0, -- -, ¢ij ~n1]f for
outside information such as discharge histories to identify tiwo signalsx; andx; can be computed efficiently using the fast
templates involved in a superposition should be preferred to fwairier transform as follows:
indiscriminant use of the unknown-identities algorithm.

The accuracy of the algorithm depends on the signal-to-noise
ratio (SNR) and the similarity or lack of sjmilarity betwegn Fh%vheregi — FFT(x;), - denotes element-wise multiplication and
templates. Actual MUAPs can also exhibit waveform variability qenotes complex conjugation.
from discharge to discharge which was not considered here, but
which will also affect identification performance. C. Additional Lower Bounds for the DK Problem

The computation count depends on the SNR, the number o{A\
templates and the template similarity. The simulated superpoai-c
tions depicted in Fig. 1 are difficult cases given the similarity
of the templates, the high degree of overlap and the level of o {Ciio i=J

Cx

N/2-1

"27r/€ ‘ 4 . T
<JT> CJQWkt/A Smode- (34)

cij =FFT 1 (& - &)) (35)

Il the bounds we will consider involve the minimum values
i;x over the untried alignments. Therefore, let us define

. . . . L 36
noise. Lower computation counts could be expected if the tem- ming cix/lijn 1 # (36)

plate shapes were more different from one another.

: fori,j € Z,11. Note that the boundl; in (21) can be written as
The computation count also depends to a large extent on tReL’JE + 4, in (21)

the strategies used for picking the trial alignments and esti- n
mating the lower bounds. The strategies presented here work by = Z Mij- (37)
fairly well for both constructive and destructive interference. 63=0

However, itis likely that even better strategies could be devised.A second lower bound for the DK problem can be established
We have been using the:a algorithm routinely as part of as follows. Lety = y¥ andu = > y;{j for somes, so that

an interactive program for decomposing EMG signals [15}(D;Y") = ||y + u]|?. Since(y,u) < ||y|| |[a]|, it follows that:
We frequently decompose signals containing 12-16 active

MUAPs, in which superpositions involving three or more e(D;Y) >yl + 2(y,u) + (y,u)?

MUAPs are common. We have found tk&a algorithm to llyll?

perform well across a wide variety of superpositions involving Ay, y+ u)” (38)
similarly shaped templates, complexly shaped (polyphasic) IR

The algorithm is implemented in Matlab on a Macintosh G3 Ay, yHw) =3, cija,—a 2 2, i Since)._ ; mi; ¢
e positive or negative, it follows that:

templates and templates with a wide range of amplitudeg.
computer and typically requires less than one second to resolve

a superposition involving five templates. " 2
{(y, y +u)? > max | 0, me’ (39)
j=0
APPENDIX
and, therefore, that
A. Calculation of the Interpolation Operator n 2
. . . . ax | 0, ij
The interpolation operator can be implemented using the DFT ax ]Z:O s
as follows: er 2 FaE (40)
1 NeEE ) for anys. This leads to the following bound:
Xt = Z CJQWkt/A Smode (33) 2
k=—N/241 n
/2t max <O, > mi])
7=0
where¢ = [¢, ..., éxv_1]t = FFT(x) is the fast fourier trans- er, 2 max Hyj‘HQ = by. (41)

form of x. Note that the frequency indeéxin (33) ranges from
—N/2+1to N/2+ 1ratherthan from zero t&/ — 1 to prevent ~ An approximate lower bound can also be established. Let
aliasing. y andu be defined as above. From the model (3) we have
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>, yfﬂ = n, where thed; are the true alignments andis E. Computing the Optimization Step
noise. Therefore The stepa € R™ for Newton’s method is given by

g di—di+d; *
y = n% dz—ZYj =n' —u*. (42) a—-_ > (49)
2. wmax([al] 1)

Note thatn’ andu™* are time-shifted versions of the noise andvith a € R™ being the solution of
the sum of the signalg;, j # ¢, at their true alignments. Thus

e(D;Y)=(y,y+u) +(wu—u")+(un) (43 , ,
o o whereg € R" is the gradient
The second term in this expression is likely to be greater than

Ha=g (50)

zero, since for most se®, ||u/|> > (u, u*). The third term O z": deij ¢ i1 n (51)
equals the correlation of the sum of templates with noise. If the 9i = ad; —dt |, g Ty
signals and the noise are both zero mean, then the expected value B
of this term will be zero. Therefore, we can say andH € R™ x R" is the modified Hessian matrix, which is
) computed from the actual HessiBhusing spectral decomposi-
(DY) 2 {y,y +u) (44) " tion or modified Cholesky factorization [8]. The actual Hessian
where by= we mean that this inequality is expected to hold fd§ given by
many setd). We, therefore, have J2
_9 Cij t| ey
z": d%¢ dt? di—d; J
er Z max » my; = bs. (45) hij = = " d2e;, (52)
[ 0d,;dd; 23 TQMLi;ﬁdf 1=
hot

During execution ofalign_dk, all three bounds tend to be
quite loose at first, since the matrix of;; values is not neces- for¢,j = 1, ..., n.
sarily a cross-correlation matrix. The bounds become tighter as ) ) )
the alignments with the largest negatiye, values are tried and F- Practical Considerations
removed from then;,; calculationsb, is often tighter tha, for Certain redundancies were ignored in this paper to simplify
small values of: (two or three), but; is often tighter for larger the didactic presentation. The algorithms can be made more ef-
values.b; is usually tighter than both, but it sometimes overedicient by taking them into account. For one thing, the cross-cor-
timatese;, and so cannot guarantee that the optimal alignmemtlation values are symmetric in that, = c;; _. Therefore,

will be found. only half of them need to be computed and stored. Alsogthe
) ) ) values are not needed fér= 0. Finally, since the signals are
D. The Continuous-Time Lower-Bound Correction real, the formulas for the interpolation operator and its deriva-

The termbe corrects the discrete-time lower bound on théives can be rewritten to involve only the the DFT coefficients
alignment error by taking into account the amount by which trie@rresponding to the nonnegative frequencies.
error can vary between the discrete sampling points.
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